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Expressivity

We will start by briefly discussing expressivity of neural networks. The question of expressivity asks:
given a distribution D over inputs x, a function class F , for example the set of two layer neural
networks of width m, and a target function f⋆, when does there exist f̂ ∈ F such that

Ex
[
(f̂(x)− f⋆(x))2]

≤ ϵ ?

We will focus on the function class Fσ
m of two layer neural networks of width m and activation σ:

Fσ
m =

x 7→
m∑

j=1
ajσ(wj · x+ bj) + c

 , where σ : R→ R.

While many of the results can be extended to arbitrary activations, we will focus for concreteness
on σ(z) = ReLU(z) := max(0, z).

We will begin by discussing the 1D setting. Note that a ReLU network is piecewise linear, and every
neuron adds at most one kink. Therefore, Fσ

m is piecewise linear with at most m+ 1 components.
The natural way to approximate a univariate target function f⋆ is therefore linear interpolation:

x
−1 1

f⋆

f̂

2/m

For simplicity, let us restrict f⋆ to [−1, 1] and split the interval into m segments of length 2/m. The
following lemma bounds the error from approximating f⋆ by a line on each segment:

Lemma 1. Let f ∈ C2([a, b]) and ℓ(x) := f(a) + (x− a)f(b)−f(a)
b−a be the secant line. Then

max
x∈[a,b]

|f(x)− ℓ(x)| ≤ (b− a)2

8 ∥f ′′∥∞.

Proof. Let g = f − ℓ and let x be a maximizer of |g|. Without loss of
generality let x be closer to a than b. Because x is either a minimizer
or a maximizer of g, g′(x) = 0, so Taylor’s theorem gives:

0 = g(a) = g(x) +������
g′(x)(a− x) + 1

2g
′′(ξ)(a− x)2.

and rearranging and using (a−x)2 ≤ (b−a)2

4 completes the proof. t

|g(x)|

a x b

f(t)

ℓ(t)

g′(x) = 0

These are informal course notes and have not undergone peer review. AI tools assisted with simplifying proofs, editing,
and typesetting. I take responsibility for the content, and corrections are welcome.
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Because each interval has length 2/m, Lemma 1 implies the following corollary.

Corollary 1. If f ∈ C2([−1, 1]), inf f̂∈Fσ
m
∥f̂ − f∥∞ ≤ ∥f ′′∥∞

2m2 .1

What about higher dimensions? In 1D, we used the m neurons to create a grid over the space
which gave the 1/m2 rate. However, in order to create an ϵ net in high dimensions, m has to grow
exponentially large in the dimension, so we will need a new idea.

We expect the error to vanish as m→∞, which means that it should be possible to represent f
using “infinitely many neurons.” Explicitly, f should admit a decomposition of the form

f(x) = E(a,w,b)∼µ

[
aσ(w · x+ b)

]
,

where µ is a distribution over neurons which characterizes this infinite-width limit.

Once we have such an “infinite width” decomposition of f , we can try to sparsify this infinite width
network to get a good finite width approximation by sub-sampling neurons:

f(x) = E(a,w,b)∼µ

[
aσ(w · x+ b)

] sub-sampling−−−−−−−−→ fm(x) = 1
m

m∑
j=1

ajσ(wj · x+ bj).

This is formalized by Maurey’s lemma. To simplify notation, we will use ϕj(x) = ajσ(wj · x+ bj) to
denote the jth neuron and ϕ ∼ µ to denote the random map x 7→ aσ(w · x+ b), where (a,w, b) ∼ µ.

Lemma 2 (Maurey; Pisier, 1981). Let f(x) = Eϕ∼µ[ϕ(x)]. There exist m neurons ϕ1, . . . , ϕm

whose average fm(x) := 1
m

∑m
j=1 ϕj(x) satisfies

Ex

[
(fm(x)− f(x))2

]
≤ Ex,ϕ∼µ[ϕ(x)2]

m

Proof. Sample ϕ1, . . . , ϕm ∼ µ. Then,

Eϕ1,...,ϕm [(f(x)− fm(x))2] = 1
m

Varϕ∼µ[ϕ(x)] ≤ 1
m
Eϕ∼µ[ϕ(x)2].

Taking expectations with respect to x and swapping the expectations gives:

Eϕ1,...,ϕmEx[(f(x)− fm(x))2] ≤ 1
m
Ex,ϕ∼µ[ϕ(x)2].

Because Ex[(f(x)− fm(x))2] ≥ 0 for any choice of neurons, there must exist ϕ1, . . . , ϕm such that
this quantity is at most the right hand side.

This motivates the following variational norm, which minimizes the right hand side over all possible
representations f = Eµϕ:

∥f∥2V(ϕ,D) := inf
µ: f=Eµϕ

Ex∼D
ϕ∼µ

[ϕ(x)2].

1At the cost of a more complex argument, it is possible to generalize this to ∥D2f∥TV
m2 for functions with second-order

bounded variation using adaptive breakpoints. This allows Corollary 1 to directly apply to piecewise-linear functions.
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Note that different representations of the particles ϕ (e.g. different activations) and different
distributions D can give different variational norms. For notational simplicity, we will fix σ = ReLU
and an arbitrary distribution D over x and simply write ∥f∥V .

Minimizing over representations f = Eϕ∼µϕ, Lemma 2 gives the following corollary.

Corollary 2. If ∥f∥V <∞, there exists a width m neural network fm such that

E[(fm − f)2] ≤ ∥f∥
2
V

m
.

Note. While the L2 error decays like m−1/2, there may still be terrible dependencies on the
dimension of x in the variational norm ∥f∥V . For some target functions this can be exponentially
large in the dimension, or even infinite.

We will need the triangle inequality for the variational norm:

Lemma 3. If {ϕ} is closed under scaling, ∥f + g∥V ≤ ∥f∥V + ∥g∥V . More generally,∥∥∥∥∫
a(t)ht dt

∥∥∥∥
V
≤

∫
|a(t)| ∥ht∥V dt.

Proof. Let f = Eµϕ and g = Eνϕ with representation costs A,B, respectively. Then if p+ q = 1,

f + g = pEµ[ϕ/p] + q Eν [ϕ/q]

is a representation of f + g with squared representation cost A2

p + B2

q . Setting p = A
A+B and taking

the infimum over valid µ, ν completes the proof. The same argument proves the integral version.

Since the variational norm is defined as an infimum over distributions µ, it is often difficult to
compute exactly, but we can upper bound it. We will first need the following 1D lemma:

Lemma 4. If g ∈ C2([−B,B]) then ∥g∥V ≲ |g(0)|+B|g′(0)|+B2∥g′′∥∞.

Proof. For x ≥ 0, Taylor’s theorem with integral remainder gives

g(x)− g(0)− g′(0)x =
∫ x

0
g′′(t)(x− t) dt =

∫ B

0
g′′(t)σ(x− t) dt.

The last equality holds because σ(x− t) = x− t for t ≤ x and is zero for t > x. Applying the same
argument to g(−x) handles x ≤ 0. Each ReLU integral vanishes on the opposite half of the interval,
so for all x ∈ [−B,B],

g(x) = g(0) + g′(0)x+
∫ B

0
g′′(t)σ(x− t) dt+

∫ 0

−B
g′′(t)σ(t− x) dt.

Since 1 = σ(1) and x = σ(x)− σ(−x), the first two terms have costs at most |g(0)| and 2B|g′(0)|.
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Each neuron σ(x − t), σ(t − x) appearing above takes values in [0, B] on [−B,B], so has cost at
most B. By Lemma 3, the last two terms therefore have total cost at most

B

∫ B

−B
|g′′(t)| dt ≤ 2B2∥g′′∥∞.

Combining these inequalities gives the final bound.

We can now prove Barron’s theorem for ReLU networks, which states that any function whose
Fourier transform decays sufficiently quickly has a finite variational norm:

Theorem 1 (Barron, 1993; Klusowski and Barron, 2018). If D is supported on the unit ball,

∥f∥V ≲
∫ (

1 + ∥ω∥2
)
|f̂(ω)| dω.

Proof. By the Fourier inversion formula,

f(x) =
∫
f̂(ω)eiω·x dω Fourier inversion

=
∫
|f̂(ω)|ei(ω·x+θω) dω f̂(ω) = |f̂(ω)|eiθω

=
∫
|f̂(ω)| cos(ω · x+ θω) dω Taking real parts

Note that this is already an infinite width neural network with cosine activations! Indeed, by
Lemma 3, it suffices to bound the cost of representing each cosine neuron with ReLU neurons:

∥f∥V ≤
∫
|f̂(ω)| · ∥x 7→ cos(ω · x+ θω)∥V︸ ︷︷ ︸

cost of approximating
cosine with ReLU

dω.

As ∥ω∥ grows, the cosine oscillates faster, so a ReLU network needs more width to approximate it.
To make this precise, apply Lemma 4 to g(z) = cos(z + θω) with z = ω · x and note that |z| ≤ ∥ω∥:

∥x 7→ cos(ω · x+ θω)∥V ≲ 1 + ∥ω∥+ ∥ω∥2 ≲ 1 + ∥ω∥2.

Plugging this into the above triangle inequality finishes the proof.

Finally, while the proof is beyond the scope of this course, it’s worth mentioning that there are many
functions that cannot be easily expressed by 2 layer neural networks but that can be expressed by
deeper neural networks. The following theorem, proved in Appendix A, is an extension of results by
Eldan and Shamir (2016), Daniely (2017), Safran et al. (2019), and Safran and Lee (2022):

Theorem 2. Let d ≥ 2, x ∼ N (0, Id) and f⋆(x) = 1{∥x∥2≥d}. Then for any activation σ,

inf
fm∈Fσ

m

∥f⋆ − fm∥2 ≥
c

1 + (logdm)1/4 for m ≤ ed0.99
.

However, there is a depth 3 neural network with widths (d, 1) that expresses it exactly:

x
z 7→z2
−−−−→ (x2

1, . . . , x
2
d) sum and threshold−−−−−−−−−−−−→ 1{∥x∥2≥d}.
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Transformer Expressivity

There is a nice line of results that studies expressivity of Transformers through a very different lens.
At a high level, a transformer takes in a sequence and then iteratively applies attention layers, which
move information from one part of the sequence to another, and MLP layers, which independently
process each token in the sequence in parallel. We can write a transformer layer as:

xi ← MLP
(
xi,

∑
j

αijxj︸ ︷︷ ︸
attention

)
, where αij = s(xi, xj)∑

k s(xi, xk)︸ ︷︷ ︸
normalized weights

.

where xi is the token at position i in the sequence. Standard softmax attention corresponds to
s(xi, xj) = exp(q(xi) · k(xj)) where q(xi), k(xj) are the queries and keys.

For the purpose of the upper bound, we can allow MLP to be an arbitrary function since this only
makes the Transformer more expressive. The bottleneck becomes moving information between
tokens using the attention mechanism. Two common restrictions on attention for theory are:

• Hardmax: each token only attends to a single token, i.e. αi,: is one-hot

• Softmax: keep full attention, but all computations are done with log(T ) bits of precision
where T is the sequence length

The following results show that constant depth Transformers are no more expressive than bounded
depth circuits. Thus, while they may excel on problems that reward parallel computation, they
cannot express functions that require deeper circuits to compute.

Theorem 3 (Informal). If F is the set of Transformers with constant width and depth:

• With hardmax attention, F ⊆ AC0 (Hao et al., 2022).

• With softmax and O(log T )-bit precision, F ⊆ TC0 (Merrill and Sabharwal, 2023).

Here AC0 consists of functions computable by constant depth Boolean circuits with polynomial size
and unbounded fan-in using only AND, OR, and NOT gates. TC0 additionally allows majority
gates. This distinction matters even for simple problems. For example, computing ∏

i xi from
x ∈ {±1}T (PARITY) can be done in TC0 but not AC0 (Furst et al., 1984). Similarly, graph
connectivity can be computed in polynomial time, but is conjectured not to be computable in TC0.
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A Proof of the depth separation theorem

Note. This proof is beyond the scope of the course and is included for completeness.

Proof of Theorem 2. We first handle the case of sufficiently large d. Let Fk, Hk be the normalized
Hermite tensors of f⋆ and fm. By Hermite Parseval (O’Donnell, 2014, Proposition 11.36),

∥f⋆ − fm∥22 =
∑
k≥0
∥Fk −Hk∥2F .

Since f⋆ is radial, its odd coefficients vanish and F2k is proportional to the unique rotation-invariant
symmetric tensor Eu∼Unif(Sd−1)[u⊗2k]. Each neuron of fm is a ridge function x 7→ ψ(u · x), with
rank-one Hermite tensors βku

⊗k, so H2k has symmetric tensor rank at most m. Intuitively, this
rotation-invariant symmetric tensor should be hard to approximate by a rank m tensor for reasonably
large k. Indeed, if rank(B) denotes symmetric tensor rank, showing that

inf
rank(B)≤m

∥F2k −B∥2F ≥
1
2∥F2k∥2F for all k ≥ K (A.1)

would give, by the Hermite-tail theorem of Kindler et al. (2018) applied to 2f⋆ − 1,

∥f⋆ − fm∥22 ≥
1
2

∑
k≥K

∥F2k∥2F ≳
Var(f⋆)√

K
≳ K−1/2.

Thus it suffices to prove the tensor approximation bound (A.1) with K ≍ 1 + logdm.

Take K = ⌈C(1 + logdm)⌉ for a sufficiently large universal constant C. The assumption m ≤ ed0.99

ensures K = o(d). For k ≥ K, use the balanced flattening

Ak = Eu∼Unif(Sd−1)
[
Vec(u⊗k) Vec(u⊗k)⊤]

∈ Rdk×dk
.

Write Nℓ for harmonic dimensions and λℓ for the eigenvalues of Ak at degrees ℓ = k, k − 2, . . ..
Specializing Azevedo and Menegatto (2015, Section 2) to (u · v)k gives

λℓ+2
λℓ

= k − ℓ
d+ k + ℓ

, pℓ := Nℓλ
2
ℓ

∥Ak∥2F
,

∑
ℓ

pℓ = 1.

For ℓ ≤ K/16, using k ≥ K and the dimension formula (Dai and Xu, 2013, Corollary 1.4) gives
pℓ+2
pℓ
≥ d2

4(ℓ+ 2)2

(
K − ℓ

d+K + ℓ

)2
≥ 4.

Summing this geometric bound gives ∑
ℓ≥s pℓ ≥ 3/4 for s = ⌊K/16⌋. Since Nℓ increases with ℓ, each

squared eigenvalue there is at most ∥Ak∥2F /Ns. Eckart–Young therefore gives

inf
rank(B)≤m

∥Ak −B∥2F ≥
(3

4 −
m

Ns

)
∥Ak∥2F .

Choosing C sufficiently large gives Ns ≥ (d/(2s))s ≥ 4m. Because a tensor of rank at most m has
matrix rank at most m after flattening, this proves (A.1).

The result for the remaining bounded d can be absorbed into the universal constant so long as the
approximation error is bounded away from zero. This is guaranteed by the fact that f⋆ has nonzero
Hermite coefficients at arbitrarily high degrees whose balanced flattenings have arbitrarily high
rank. The depth 3 construction is given in the theorem statement.
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