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Scaling Limits

Scaling models and training data has been a major driver of progress in deep learning. Training
compute per model, roughly #param x #data, has doubled about every six months (Epoch A, 2026):
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This explosion in compute is justified by scaling laws: the empirical observation that larger models
trained on more data predictably produce better models, making compute a safe investment:
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Language-model test loss as a function of compute, dataset size, and parameter count (Kaplan et al., 2020).

We have a poor understanding of why scaling laws hold, in part because they depend on natural
data, and it is hard to say anything meaningful about the distribution of text on the internet. We
will therefore abstract away the dataset and ask the simpler question:

What happens when we make the model bigger?

The natural mathematical version of this question is whether, as the model grows, its training
dynamics approach those of some idealized “infinite size” network.

These are informal course notes and have not undergone peer review. Al tools assisted with simplifying proofs, editing,
and typesetting. I take responsibility for the content, and corrections are welcome.
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The answer is that it depends. Specifically, it depends on how you scale the initialization and the
optimizer’s learning rates as you scale the model. Different choices give qualitatively different limits:
some diverge, some reduce to kernel methods with no feature learning, and others preserve nontrivial
feature learning even at infinite width. The focus of this section is characterizing which choices lead
to which infinite-size limits, and using that understanding to guide how we scale models.
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Loss curves under pP appear to converge to an infinite-width limit. From Yang et al. (2022).

Note. The regimes that this theory can handle are overly idealized, as they focus on scaling the
model size while holding the dataset fixed, whereas in practice these grow together. However,
it turns out that the scaling strategies suggested by this theory, most notably pP and its
descendants, work remarkably well in practice, and this is one of the few lines of work where
deep learning theory has provided prescriptions rather than explanations.

Standard Parameterization

Standard parameterization (SP) is the most commonly used initialization scheme, and is the default
in deep learning libraries like JAX or PyTorch. The goal of standard parameterization is to initialize
a network randomly in a way that maintains O(1) coordinates for all of the intermediate activations
throughout the network at initialization. The natural way to measure O(1) coordinates is through
the root-mean-square (RMS) norm, which is just a rescaled Euclidean norm. If h € RY,

IFll2

This measures the “average size” of a coordinate. For example, if h; YN (0,1) then [|A|lgys = 1
for large d. We initialize each layer to approximately preserve the RMS norm of its input. Let
W € Routxdin an( initialize Wij N (0,5?). For a fixed input h,

1.7.d.
(Wh); "= N (0, s2[|h]|3) = N(0, s2din]|h fars)-

This has RMS norm approximately sv/din ||h||gpg- Choosing s = di;l/ 2 preserves this scale. This is
known as fan-in or LeCun initialization (LeCun et al., 1998).
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Note. A common failure mode when chaining MLP layers is that the activation ¢ may not
preserve the RMS norm. For example, if h; ~ N(0,1), |[ReLU(h)|%\s ~ 1/2. After L such
layers, ||k LH%{MS ~ 271 This can be solved by rescaling ¢ — v/2 - ¢ or by scaling up the initial
variance of W by a factor of 2. The latter is known as Kaiming initialization (He et al., 2015).

Warning. Do you know how your framework initializes its linear layers? Flax uses LeCun
initialization with variance 1/d;,, implemented with a truncated normal (Flax, n.d.). However,

PyTorch uses Unif (—d_l/ 2 2), which has variance 1/(3di,) (PyTorch, n.d.). Even without

in » Yin

nonlinearities, this shrinks the RMS scale by 1/v/3 per layer, giving 37L/2 over L layers.

010

PyTorch’s uniform initialization (left) and Flax’s LeCun initialization (right).

Optimization in SP

Experimental setup. The MNIST experiments below classify handwritten 3s
versus Hs using 1,024 examples, a two-layer network with standard parameterization,

MSE loss, and 500 full-batch gradient-descent updates. Widths range from 8 to J—
32,768. The sweeps use three seeds.

Once we'’ve initialized the network, what learning rate n should we use?

To start, let us decompose the loss into the model f and the loss criterion ¢:
L(0) = £(fo(x),y).

For example, MSE is ¢(f,y) = %(f —5)? and logistic loss is £(f,y) = log (1 + e~/¥). We can then
decompose the gradient of the loss using the chain rule:

VL) = l'(f,y)Vafo(x).
A gradient step Af = —nV L(6) therefore changes the prediction, to first order, by
0fo(x) = (Vofo(z), A0) = —n € (£, )| Voso(x)|".
When ¢'(f,y) = O(1), keeping the prediction update order one suggests

1

" Nefo@) P
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Mean training loss over the last 50 of 500 updates. White cells indicate divergence. The stable learning-rate
range shrinks as 1/m. The best tested pair, (m,n) = (64,0.016), is denoted by the red X.

Note. Splitting # into parameter groups (01, ...,601) gives

L
dfo(z) ~ —nl'(f,y) Z Vo, fo(@)] -

=1 contribution of
group ¢

This lets us read off which parameter groups affect the dynamics as width grows.

We can now instantiate this at initialization for a two layer neural network:
fo(z) = aTo(Wz).
We can compute the gradients:
Vafo(z) = o(Wa), Vwfo(z) =[a oo W)z

For inputs with RMS norm of order one, ||z||* = ©(d). Under SP, the activations have order-
one coordinates and a has coordinates of size m~1/2, so the typical squared gradient norms at
initialization are:

IVafo(@)|* = 3 ofw;-«)* = O(m)

J€m|

IVw fo(@)llF = llz]® D ado’(w; - 2)* = ©(d)

j€lm]
Therefore, if m > d, we need to set n < 1/m to avoid the predictions blowing up after a single step.

However, this also shows something quite striking. If we set n = 1/m,

Sfo(x) = —L'(f,y) [0V fo(@)|[5 + 1l Vafo ()] |-
O(d/m) o(1)

This suggests that the first layer has a vanishing effect on the predictions as m — oo with d fixed.
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Representative neurons after training, decomposed as wr = wo + Awr. Each w; € R™* is reshaped as a
28 x 28 image for visualization. As the width grows, the difference Awr shrinks to zero.

To justify this over multiple steps, we compare training both layers with training only the readout.

First, let 6; = (at, W;) denote the network parameters after ¢ SGD steps with n = n9/m on the
sequence of samples (x¢, y;):

arr1 = ap —nlo(Wzy), Wi =W —nl a0 o' W)l z!, 6= (fo,(x1), y1)-

We similarly define the random features model 6, = (at, Wp), which uses the same initialization,
sample sequence, and learning rate but trains only a;.

Under SP, the initialization satisfies ||ao|| = O(1) and ||Wy|, = O(y/m) with high probability.
Conditioned on this high probability event, we can prove that the neural network and the random
features model have equivalent dynamics as m — oo:

Theorem 1 (SP freezes the first layer). Assume o is Lipschitz, all training inputs satisfy
|zt|| < R, and €',0" are bounded.* Suppose ||ag|| = O(1) and [|[Wol|l, = O(\/m). For every fized
number of steps T', there exists Cp, independent of the width, such that

Cr

sup | far(@) = f,(2)] < =L

lzl|<R

Proof. Write ¢y(z) = o(Wyz), and abbreviate the two predictions as fi(z) and fy(x). All bounds
below are for fixed T'. The notation < hides constants independent of width.

First, we show that ||a:|| = O(1) and ||[W;||, = O(y/m) persist over finitely many steps. They hold
at initialization. Assuming them at step ¢, Lipschitz continuity gives

lee(@)ll S Vmlo(O)] + [Welly ]zl = O(/m).

Each step moves a by [lari1 — acl| = 0|6[l|¢r(xe) | = O(m™"/2) and W by [Wes1 — Willp S nllac]| =
O(m™1), preserving both bounds at step ¢ + 1. Summing also gives ||W; — Wy| » = O(m™1). For
any ||z|| < R, Lipschitz continuity of o then gives

[6e(x) = ¢o(2)]| = [lo(Wiw) — o(Woz)|| < [IW: = Woll, S

1
m

!This theorem can be substantially generalized at the cost of a more complicated proof.
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Here ||-||, for a matrix is its operator norm, which is at most its Frobenius norm.

Let dy := a; — ;. We will prove by induction that ||d¢|| = O(m~3/2). The claim holds initially since
do = 0. Assuming it at step ¢, split the prediction error into feature movement and readout error:

(@) = Ju@)| = |/ [6u(2) = d0(2)] + d] go(=)|

< Jo] [60(x) — do(@)]| + |d] do () 0
< Jladll lon() = do(@) |+ el llé ()]
O(m~1) O(m—1)

AR ‘ft(azt) - ﬁ(wt)‘ = O(m™1). Subtract the readout updates, adding
and subtracting nl;¢o(x¢). The triangle inequality gives

Since ¢’ is Lipschitz,

ldesal < Jldell +n|ts = B Ioo(e) |+ nlés] éx(e) — dolao)]| = Om=32).
O(m=3/2) O(m=3/2) O(m~—2)
This completes the induction, and plugging into (1) completes the theorem. O

The Infinite Width Limit

The random feature model f;(x) = a/ ¢(x) is still a finite-width object: its features ¢p(z) = o(Wz) €
R™ depend on m. Our goal is to define the corresponding infinite-width object. The key idea is to
trace the dynamics without evaluating ¢(x). Instead, we keep each feature vector symbolic until it
is contracted with another feature vector ¢(z’), then read out the result using the kernel K (m),

1
For example, we can use this to trace a step of SGD. Take a step on the sample (z¢, y;):

ary1 = ap — by o(xe), Ly =L (fe(2e), ye).

The prediction at any input x changes by
frv1(x) = fi(z) = (a1 — at)T¢($) = —nly (p(x1), p(x)) = =m0 4, K(m)(‘rvxt)‘

Thus, the kernel alone gives us enough information to track the predictions made by the random

feature model. To chain together multiple steps, let the dataset be x1,...,x,, and write K z(]m) =
K(m) (zi,z4) and f = (f(z1),..., f(xs))". An SGD step on example i updates the predictions f by
e f=nol(fi,yi) K(T) (3)

We can therefore train by just tracking the n predictions f and the n x n kernel matrix K™,

It remains to initialize the predictions. Let ® have rows ¢(z;) ", and recall that ag ~ N (0, I,,,/m).
Conditional on W, the vector fy = ®ag is a linear transformation of a Gaussian, so

fo| W~ N(O, 1<1>c1>T) = N(0, K™).
m

Thus K (™) determines both the distribution of the initial predictions and their training dynamics.



18.5995: Topics in Deep Learning Theory ¢ Alex Damian Lecture 2: Standard Parameterization

This gives us an equivalent way to match the exact training dynamics at finite width: sample
Wij ~ N(0,1/d), compute K™ using (2), initialize f ~ N (0, K(™), then use (3) to update f.

This kernel viewpoint makes it easy to take the infinite-width limit: we track only n predictions,
and all dependence on m is captured by K("™). Taking the limit therefore reduces to finding the
limit of K (m)(x, x’) as m — oo. Since each kernel entry is an average over independent neurons, the
law of large numbers implies that the kernel K (™ converges to a limiting kernel K () as m — oo:
m

> o(wj - x)o(w; - 2') == By fo(w - z)o(w - 2')]  where w~ N(0,%1,).
j=1

K(m (x, ")

1
m

K () (z,x")
The limiting kernel is independent of width? and can be computed in closed form for some activations:
Proposition 1 (Arc-cosine kernels, Cho and Saul, 2009). For nonzero x,x’, let § =
arccos m be the angle between them. With w ~ N(0,Iz/d),
T—0
K(oo) (%, :L‘/) _ 27

||«73HRM;H$ lRs [sin@ + (7 — ) cosd], o(z) = ReLU(z) = max{0, z}.
7

; o(z) = 1,50,

Corollary 1 (The infinite-width dynamics of SP). Fiz a dataset (z;,y;)l 1, a sample sequence
(i), and a number of steps T. Under the assumptions of Theorem 1, with Gaussian SP
initialization and n = no/m, the network’s prediction trajectory converges in distribution as
m — oo to (Fo,...,Fr), where

Fy ~ N(O, K(Oo)), Fepi=F —no gl((Ft)izayit) K(,(Z)tO)

Note. The limiting object is given by the random feature kernel only for two-layer networks.
For deeper networks, SP still freezes the first layer in the limit, but the remaining layers all
contribute to the limiting dynamics. The limiting kernel is therefore best described by the
Neural Tangent Kernel from the next lecture, but with the first layer frozen.

The following table compares the process of training the network from scratch against directly
computing the random feature limit.

Neural network Random feature limit
State 0; = (at,Wt) € R™ x Rmxd ft € R"
Initialize features  Sample (Wp);; ~ N(0,1/d) Compute Ki(;o) = K() (2, 2;)
Initialize readout ~ Sample (ag); ~ N(0,1/m) Sample fo ~ N (0, K(°))
Update Ori1 =0, — % 6, Nofo,(2i,) fror = fo—no ) K

>The random feature kernel here is also known as the neural network Gaussian process (NNGP) kernel (Neal, 1996;
Lee et al., 2018).
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We can also compare the computational cost of training the network against directly simulating the
limit if we track T' SGD steps on n samples:

Model Precompute Per SGD step Total
Full network — O(md) O(mdT)
Random features O(mdn) O(m) O(mdn +mT)
Infinite-width kernel O(n?d) O(n) O(n?d + nT)

For one pass over the data, T' = n, the network and random features both cost O(mdn) while the
kernel costs O(n?d), so the exact limit is cheaper to simulate than the network whenever m > n.

Empirically verifying the infinite width limit

Loss
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= m=2,048 === Kernel
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Training loss trajectories with fixed ny and n = ng/m approach the dashed line, which represents the limiting
dynamics for the random feature kernel. Counterintuitively, wider networks train more slowly than narrower
ones in this experiment, which can be attributed to the vanishing contribution of the first layer in the limit.
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Left: optimal learning rate as a function of width. Right: best loss as a function of width after tuning the
learning rate. Additional width helps until m = 64, after which additional width hurts performance, because it
drives the dynamics towards the random feature limit.
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