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The Neural Tangent Kernel

In the previous lecture, we derived the following heuristic that tells us how much each layer
contributes to the function value:

L
dfo(x) = —no ' (fo(@),y) Z Vo, fo()||?

! contribution of
group 1%

For a two layer neural network fp(x) = a'o(Wz) under standard parameterization, we derived:
IVafo(@)|* =0(m)  |[Vw fola)|F = O(d).

The largest stable learning rate is set by the larger of the two, so 79 = ©(1/m), and at this learning
rate the first layer contributes only ©(d/m) to the change in the predictions. Therefore, as m — oo,
the first layer makes no contribution to the output at all, reducing the model to a random features
model. We then used this observation to define its infinite width limit.

The last layer needs a learning rate of O(1/m) to train stably, but this freezes the first layer. The
fix is obvious: give each layer its own learning rate. With per-layer learning rates 74, nyw:

5 fo() ~ —(£,9) [1a [ Vb (@) |2+ mw | Vw fo(@) 2]
O(nam) O(nwd)

With d fixed, both layers contribute ©(1) if and only if n, = ©(1/m) and ny = O(1). In other
words, SP used the right learning rate 7,, but 7y was far too small when m is large.

Larger depth
Let’s extend our heuristic to an MLP with L layers and hidden widths mq,...,mp_1. Write mg =d
and my, = 1, so that W, € R™¢x™Me-1;
hi=Wix  hy=Wwo(he-1) (2<E<L)  fo(z) = hy,
(We)ij ~ N(0,1/my_q).

The output layer Wy, € R1*™L-1 plays the role of the readout a' in the two layer network. Recall
that fan-in initialization keeps the coordinates of hy and o(hy) at order one.

Backward pass. Write g, := V}, fo(x) € R for the backpropagated signal. The chain rule gives
gr=1 " gr1=0"(hi-1) © (Wo) ge,
Vi fol@) =giz" Vi, fo(x) = geo(he) "

Incorrect calculation. The output layer gives g;—1 = ¢/(h—1) ® WE , whose coordinates

have size mZi/lz, s0 |lgz—1|l = ©(1). Conditional on gy, each coordinate of (W;) g, is
N (0, ||ge||?/me—1). Summing squares over my_; coordinates gives order one. Multiplying

by o’(hg¢_1) preserves the size of each coordinate, so inductively g, has coordinate scale me_l/ 2

and norm O(1).

These are informal course notes and have not undergone peer review. Al tools assisted with simplifying proofs, editing,
and typesetting. I take responsibility for the content, and corrections are welcome.
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Table 1: Signal propagation under fan-in initialization (hidden layers ¢ < L)

Coordinates Lo norm
Forward hy O(1) O(y/my)
Backward g, @(m;1/2) O(1)

This calculation gives the right answer, for the wrong reason. The line in red fails because gy depends
on Wy through the forward activations. This is known as the gradient independence assumption,
which gives the correct infinite-width limit here under NTK parameterization (Yang, 2020).

Instead, we will compute a single coordinate (g;); by tracking how a perturbation of the jth
coordinate of h, changes the output. If we replace hy by h¢ + cej, the perturbation starts with RMS
norm ¢/,/my. Each linear layer asymptotically maintains the RMS norm (this is the purpose of
fan-in initialization), and each activation changes it by a constant factor, which means the output
changes by order €/,/my. Therefore, the jth entry of g, must have order 1/,/my, so ||g¢|| = ©(1).

This demonstrates that for 2 < ¢ < L, including the output layer where gy = 1, the gradient has
squared Frobenius norm

IVw, 17 = llgeo (he—1) T F = llgell® lo(he—1)|I* = O(me—1).
—— ————
(1)  O(me-1)

The same calculation gives ||V, fl|% = |lg1]|?||z]|* = ©(my) for the first layer. Each layer should
therefore use a learning rate of ©(1/my_1).

Table 1 is a useful reference for fan-in initialization, but will change once we move to pP.

NTK Parameterization

We saw that one way to derive the NTK parameterization is to use fan-in initialization and learning
rate ny = np/fan in. However, the same dynamics are often written using forward multipliers:

Proposition 1 (learning rates as forward multipliers). Let W be a parameter 1 with initialization
WO and let ¢ > 0 be a learning rate multiplier. Initialize a new parameter WO .= 12w O,
and use \/cW in place of W in the forward pass: L(W) := L(y/cW). Then the updates

W W —cnoVwL(W) W« W — 3V L(W)

LR multipliers Forward multipliers

satisfy W) = ﬁl//[\/(t) for all t > 0.

Proof. Induction on ¢ and the chain rule. O
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Taking ¢ = 1/fan in gives two equivalent ways to write the NTK parameterization:

Definition 1 (NTK parameterization). For each layer (Jacot et al., 2018):

Initialization Multiplier Learning rate
LR multipliers Wij ~ N(0,1/fan in) 1 no/fan in
Forward multipliers Wij ~ N(0,1) 1/+v/fan in o

For now, we will use LR, multipliers. For our two layer network, this means fs(z) = a'o(Wz),
with a; ~ N(0,1/m), Wi; ~ N(0,1/d), and learning rates 1, = n9/m, nw = 1o/d.

The Neural Tangent Kernel

The NTK parameterization was designed to ensure that every layer contributes O(1) to the model’s
output. However, surprisingly, this does not imply that the intermediate weights are moving
significantly or that the network is learning new features!

Consider an intermediate layer W, € R™*™-1 and one step of gradient descent on an example
(z,y). Holding the layer’s input o(hs_1) fixed, its weight update changes the preactivations by

h _ 2
Shy = (SWy)o(he—1) = —no l'(fo(z),y) lothe-0)I" -
— mye—
o(1) _’_/@(1)

Because || g¢locc = C:)(mg_l/z)7 10he|loc = O(mzlﬂ). Thus, training this layer changes every

activation by a vanishing amount. This is the main source of confusion with NTK: if the
activations hy barely change, how can the function change and the loss go down?

The key is that the effect of dh, on the function output is measured by g, through the inner product
(g¢,0hg). Both vectors have order-one norm, with typical coordinates of order 1/,/my, and the
formula for §hy shows that they are perfectly aligned up to a sign. Each neuron therefore changes by
order 1/,/my, and propagating through gy, this changes the function value by order 1/m,. Because
there are my neurons and their contributions have the same sign, these add up to a O(1) effect. The
output remains sensitive to these small, coordinated changes in the intermediate activations.

In fact, the activations change as much as they can without blowing up the loss. If each activation
changed by O(1) in the gradient direction, the effect on the output d f ~ (g, dhs) would scale like
VM, so the function output would diverge. A proper feature learning limit therefore requires scaling
down gy so that we can scale up dhy. This is the main insight behind pP (Yang and Hu, 2021).

The next observation is that because the activations don’t change, the model gradients remain
fixed at their initialization values throughout training, in the infinite-width limit. To see
why, return to our two layer network. For a fixed input x, write h; = w; - z. The gradients are
dfo(x)
T@j = o(hy) Vo, fo(z) = ajo’(h;) .
We already know that h; barely changes, so both o(h;) and o’(h;) barely change, assuming a smooth
activation with bounded first and second derivatives. The only other factor is a;. Its learning rate
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is mo/m, so each update changes it by O(1/m), compared with its initial scale 1/y/m. Over a fixed
number of training steps, this is a vanishing fraction of its initial scale. Thus, every factor in the
gradient stays close to its initial value, and so does the gradient itself (Chizat et al., 2019).

With the gradient frozen, the network is effectively linearized around initialization:

fow) = 3™ (w) = fy0 () +(Vo oo (),0 = 00).
init tangent features

The following theorem makes this precise.

Theorem 1 (NTK linearization, informal, Jacot et al., 2018; Lee et al., 2019; Yang and

Littwin, 2021). Let fy be a two layer neural network in the NTK parameterization, and assume

o', o”, and ¢" are bounded. Train the network and its linearization using SGD on a fized

dataset, with the same initialization, learning rates, and sequence of samples. Let f; and fi™

denote the two models after t steps. Then for any fized T and input x, with high probability,
max |fu(z) — fi"(@)] < S

0<t<T \/ﬁ

Here Cp can depend on T and the data, but not the width m.

We can now study SGD on this linear model. Recall that SGD on a linear model has an equivalent
description in terms of a kernel. We can derive the same description with learning rate multipliers.
Let ¢; be the learning rate multiplier for parameter group 6;, so its learning rate is ngc;. If we take
a step of SGD on a sample (z,y) and then evaluate the result on an example 2/, we get

SF5™ (@) = (Vo fi™ (@), 00) = =m0 € (f§"(),9) 3 i (Yo, foo (2'), Vo, fy0) (@) .

)

Here we used that the linear model’s gradients are fixed at initialization. We can therefore define
the neural tangent kernel as a sum of contributions from the parameter groups:

K(z,2') = ZKi(wv '), Ki(z,2") := ¢; (Vo, fgo) (), Vo, foo) (2')) .

Then the prediction update is simply

0fy"(a') = —mo ' (f3"(x),y) K (z,2").

The kernel tells us how much training on = changes the prediction at z’. This can also be interpreted
through the normalized feature map:

w(x) = <\/Eiv9¢f0(0> (x))w K(xvx/) = <1ﬁ($),¢(%’,)> :

With forward multipliers, this is just the gradient at initialization, without the extra ¢; factors,
which is why this convention is often preferred.

The Infinite-Width Neural Tangent Kernel

Two-layer networks. Write K(©) for the kernel at initialization and fy := fo. The NTK of the
two layer network at initialization splits into the two per-layer kernels:
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m . /] m
Z o(wj - x)o(w;-z')+ ° dm Z aj2~ o' (wj - z)o' (w; - z').
j=1

KO(z,2") = e
m =

KRF (g2 first layer

The second sum is also an average: write ajz =

one. The law of large numbers therefore gives

(ma3)/m, where the i.i.d. variables ma3 have mean

z-x

KO (z,2") — K®(z,2) := Eyfo(w - z)o(w - )] + y

Eylo'(w-x)o’ (w - 2')].

Here w ~ N(0,1;/d). These are the two expectations from the previous lecture, and z - z'/d =
|z||rms |2’ || Rms cos . For ReLU, the first is the ReLU arc-cosine kernel, and since ¢’(h) = 15>
the second is the step kernel. With 6 the angle between z and a2/,

/ . , —_—
K>®(z,2') = ||$”RMS2l|rx Irnas [sinf + (m — 0) cos 0] + v dw 7T2779'

Note. There are now two different kernels at initialization, playing two different roles. Con-
ditional on the first layer, the distribution of the initial outputs is fo | W ~ N (0, KRF). The
dynamics are governed by the NTK K> = KRF 1 K| where K; is the NTK of the first layer.

Deep networks. We can now generalize the NTK to networks of arbitrary fixed depth. We use the
depth L network from above, with Gaussian fan-in initialization and learning rates nw, = no/ms_1.

Proposition 2 (deep NTK, Jacot et al., 2018; Yang, 2020). Assume o is continuously
differentiable, with o and o’ of polynomial growth. As all hidden widths grow with fized positive
ratios, the NTK at initialization converges in probability to K*° = Ky, where

K1 = Hp, Ke=Hy+ HiKo_y.

The forward covariances are computed recursively by

(z, )

T Hi(z,2") =E[o(U)o(V)], H(z,2") = E[o'(U)d'(V)],

Hi(z,2') =

for 2 < ¢ < L, where

Proof. Homework 1. 0

Here Hy(z,2') is the limit of m%z (he(x), he(z")) for ¢ < L. For depth 2, this reduces to K> =

Hy+ H 1H2, exactly the two-layer formula above.
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Note. For equal hidden widths, deep SP at learning rate 7y/m scales the first layer’s NTK
learning rate down by d/m. Its infinite-width kernel therefore uses the same recursion with
K1 = 0: the first layer contributes no tangent features.

Global convergence

Most coupling results in this course, including Theorem 1, only hold for a fixed number of steps 7'
However, we can extend this to a global convergence result by arguing that the linearized model
converges quickly enough to keep the NTK coupling valid throughout training. This is one of the
few general settings in which we can prove that neural networks converge to global minimizers of
the training loss (Du et al., 2019; Allen-Zhu et al., 2019; Oymak and Soltanolkotabi, 2019a).

For the convergence argument, it is simpler to use a common learning rate and ordinary Euclidean
distance in parameter space. We therefore switch to forward multipliers:

fo(z) = ﬁaTU(ﬁWUIT) : aj, Wiz ~ N(0,1), Na = MW = N0-
The training dynamics and the NTK are unchanged. The multipliers are now part of the forward
pass, so the kernel is simply Ky(x,2') = (Vafo(z), Vo fo(z')).
For this proof, we will use the MSE loss and directly study gradient flow:

L) = o I5o(X) ~wl?, G = VoL (6).

Here we have absorbed the base learning rate 7o into time. We will use the shorthand f;(z) := fy)(z),
7(t) := fo)(X) — y, and K () := Ky (X, X), omitting time arguments in differential equations.

Theorem 2 (global convergence). Assume the inputs have bounded RMS norm and o' and o”
are bounded. Let \ := Apin(K*(X, X)) > 0 and Lo := L(6(0)). If m = Q(n?/)\2), then with
high probability over initialization, gradient flow satisfies, for every t > 0,

L(O(t)) < e /™I,

Proof. First, we need to show that the kernel at initialization is well conditioned. For a fixed pair
of inputs z, 2, write h;(x) = w; - /v/d. With all variables at initialization,

1 x, 2’
K(0:2,5%) = =" [l ()o(hya) + a2/ (g 0)o (101
j=1

This is an average of m i.i.d. neuron contributions, with expectation K°°(x, ). Since ¢’ is bounded
and the initialization is Gaussian, these contributions have sub-exponential tails. Standard scalar
concentration therefore gives fluctuations of order 1/v/m, up to logarithmic factors. A union bound
over the n? pairs of training inputs gives, with high probability,

max | K (0; x;, xp) — K(x;, x)| = ON(mfl/2).

ik
Converting this entrywise bound to an operator norm bound,

IC(0) = KX, X)llop < [[K(0) = KX, X) | p < momax | Kix (0) — K| = O(n/v/m).
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Thus, if m = Q(n?/A?), then Apin(K(0)) > 3)/4.

Next, we need to control how much the kernel can change during training. To do this, we will fix a
radius R to be chosen later and bound how much the gradients change in the ball:

Br:={0:1]6-6(0)| < R}.
Fix an input  and write h = Wa/ V/d. For any 6 € Bg, boundedness of the input RMS norm gives
1h = h(O)[| = [|(W = W (0))a/Vd|| < [W = W (0)rllz|lrus < R.
The gradient with respect to a is V, fg(x) = o(h)/y/m. Since ¢’ is bounded,
1

IVafo(x) = Vafoo) (@)l = ﬁlla(h) a(hO)Il S \ﬁHh h(O)] < \f
The gradient with respect to W is
1 , x!
Vi fo(z) = ﬁ(a ©o (h))ﬁ‘

Here both a and h change, so we write
a®d'(h) —a(0) ®o'(h(0) = (a —a(0)) ®o'(h) + a(0) ® (¢'(h) — o' (h(0))).

Using boundedness of ¢’ for the first term and ¢” for the second gives
IVw fo(z) — Vw fo)(@)lF < \ﬁ(lla — a(0)|| + [|a(0)[|o|lh — A(0)]])-

Both differences on the right are < R, and Gaussian initialization gives ||a(0)]. = O(1) with high
probability. Thus the change in Vyy f is O(R/y/m) as well. Combining the two gradient blocks
by the triangle inequality, ||Vgfa(x) — Vo foo) (@) = O(R/+/m). Now, let Jy € R™*P have rows
Vofo(z;) ", and write J(0) := Jo(0)- Applying this bound to each of the n inputs gives

n R2
1Ty = J(O)IF =D Ve fo(xi) — Vafoo)(zi)l* < O<nm > :

i=1
Therefore, we can choose R = ©(y/mA/n) so that, throughout B,

16— T(O)lop < 1o = TO)|[7 < /37/4 — /A/2.

This keeps the smallest eigenvalue of Ky = JgJe at least \/2, since

Omin(Jo) = \[BM 4= 1o = JO)op = /N2, Ko

It remains to show that training never leaves this ball.

DO | >
~

We now use a first-exit argument (Oymak and Soltanolkotabi, 2019b). Let 7 be the first time the
parameters reach the boundary of Bg. For t < 7, K(t) %I, SO

dL 1 A
— = —||VL|? = ——27“TK7" < ——L,
dt n n

so L(A(t)) < e /"Ly for t < 7. Now bound how far the parameters can move before 7. Let s
denote distance traveled along the parameter trajectory, so ds/dt = ||0|| = ||VL||. While L > 0,

dL  dL/dt A
ds  ds/dt VLI < \/;\/E

7
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If we now look at v/L instead, the right-hand side becomes a constant:

dvL 1 dL _ 1 /A

ds _Q\EE_ 2V n’

Thus /L decreases by at least a constant amount per unit distance traveled. Since it starts at the
finite value /Lo and cannot become negative, the path before 7 has finite length:

’I’LLO

19(t) — 0(0)[] < s(t) < 24/ ——-
Because Lo = O(1), we can take the implicit constant in m = Q(n?/)\?) sufficiently large that this
bound on ||6(t) — 6(0)|| is less than R. Therefore, 7 cannot be finite. If it were, continuity would
place the parameters at time 7 strictly inside the ball, a contradiction. O

Note. Theorem 2 does not apply to ReLU because ¢’ is not Lipschitz. The ball argument
still works, but controlling the change in J requires bounding the number of neurons whose
preactivations change sign, rather than using Lipschitz continuity of o’. See Du et al. (2019).

Memorizing random data

The convergence theorem requires a lower bound on the smallest eigenvalue of the infinite-width
NTK. For random data, this holds even with far more samples than input dimensions.

Proposition 3 (informal version of Theorems 3.1 and 3.2 in Montanari and Zhong (2022)).
Let 1, ..., xy be i.i.d. uniform on the sphere of radius Vd, with n = d°®), and let o be ReLU.
If m = Q(1 4 n/d), then with high probability as d — o,

Amin (K™) = Apin (K™) = O(1).
Here K™ is the width-m NTK at initialization.

The first conclusion is that Apmin (K°°) is order one. A bound of this kind lets us apply Theorem 2
at width m = Q(n2). However, the second part shows that the linearized model can memorize at a
much smaller width: for n > d, we only need m = Q(n/d), or equivalently md = Q(n). The left-hand
side is the number of parameters and the right-hand side is the number of samples. Therefore, up
to logarithmic factors, the NTK can memorize one sample per parameter, which is near optimal!

While we have focused on regression, the NTK is also remarkably effective at classification and
factual recall (e.g. mapping countries to capitals). For example, Nichani et al. (2025) show that the
NTK with random token embeddings can memorize n associations x — gy under the decision rule
§ = arg maxy f,(x) using only 6(n) parameters, which is within a 6(1) factor of the optimal limit.
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